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Abstract Kangaroo rat is a good representative for
general bipedalism with a serpentine tail. Modeling
and analyzing the kangaroo rat motion helps to
understand the serpentine tail functionalities in agile
motions of bipedal mobile platforms, and this under-
standing is expected to lay the foundation for the
future development of such robotic systems. This
paper analyzes the kangaroo rat motions through
dynamic modeling and control. The system dynamic
model is established using the inertia matrix method,
and two typical serpentine tail models are considered:
a continuum tail model where the tail is modeled as
several constant curvature arcs, and an articulated tail
model where the tail is discretized into rigid links.
Regularized contact model is used to compute the
ground reaction force (GRF). To automatically plan
the tail motion, numerical optimal control techniques
(i.e., direct collocation method) are utilized. Partial
feedback linearization is then used to track the
designed tail trajectory. Based on the formulated
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dynamic model and motion controller, two represen-
tative tail functions (airborne righting and supporting)
were simulated and analyzed. The results validated the
proposed modeling and control framework and
showed the nontrivial functionalities of the serpentine
tail in helping the kangaroo rat to achieve agile
motions. Moreover, comparative studies on the two
tail models and the tail segmentations were performed
to analyze the model differences. The results demon-
strated that the articulated tail model is a good
approximation of the continuum tail model, and more
tail segments and links enhance the kangaroo rat’s
ability to deliberately adjust its motion.

Keywords Serpentine tail - Kangaroo rat - Dynamic
modeling - Dynamic analysis - Optimal control

1 Introduction

In recent years, inspired by the fascinating tail motions
in the animal kingdom [1-4], roboticists have consid-
ered augmenting mobile robots with a robotic tail, to
help the robot achieve enhanced locomotion perfor-
mance. These trials include both using pendulum
robotic tails [5-20] and serpentine robotic tails
[21-27]. Due to its limited shape configuration,
pendulum tails are usually designed for a specific
purpose, such as performing airborne righting tasks
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[6-9], maneuvering [11, 12], and improving vehicle
acceleration performance [13]. In comparison, ser-
pentine robotic tails usually have more degrees of
freedom (DOF) and thus have the benefits of being
dexterous and versatile. For instance, the serpentine
tail can usually carry out a range of tasks from
maneuvering to stabilization [28] using the same tail.
However, the tradeoff is that this kind of tail usually
requires a heavier actuation unit and a more complex
mechanical structure.

From a mechanics perspective, the tail functional-
ities could be summarized into two categories: static
and dynamic functions. The static functions of the tail
mean that the tail is only used to inject static forces
into the system. The system motion is governed by
statics, and only position information is used. Such
functions include adjusting the system center of mass
(COM), supporting the body, grasping, manipulation,
etc. The dynamic functions of the tail mean that the tail
is used to inject inertial forces into the system. The
system motion is governed by the full-level dynamics,
and kinematic information including acceleration is
necessary. Such functions include airborne righting,
maneuvering, stabilization, etc.

Kangaroo rat is an animal that relies heavily on its
tail to assistits agile motions. Forinstance, Fig. 1 shows
that a kangaroo rat flips over its body in the air using its
tail after being attacked by a rattlesnake [29]. Further
observations imply that kangaroo rats may use most of
the functionalities mentioned above, that is, using the

tail as an additional appendage (e.g., leg) to support its
locomotion on the ground, using the tail in the air to
change its torso orientation, and using the tail to adjust
the ground reaction force (GRF) during ground contact
events (indirectly affecting the locomotion). Therefore,
the kangaroo rat is thought to be a great benchmark
model to investigate the functions of a tail for bipedal
locomotion. This idea recently started attracting atten-
tion and a series of research efforts were carried out,
from both the biological side [30, 31] and the robotic
side [10, 32, 33]. However, the existing efforts on the
biological side mainly focus on data interpretation
using statistical analysis, and the efforts on the robotic
side mainly focus on using the pendulum tail abstrac-
tion. Both approaches use a simplified dynamic model,
which is either in 2D or using a single-segment single-
link tail model. This brings up an important missing part
for this research—a high-fidelity 3D dynamic model
that captures the serpentine nature of the tail.
Therefore, in this paper, we aim to investigate how
the kangaroo rat uses its serpentine tail to achieve agile
motions from a dynamics and control perspective, that
is, establishing a 3D dynamic model of the kangaroo
rat with a serpentine tail and analyzing the tail’s
functionalities with helping the kangaroo rat to
achieve agile motions. This investigation is expected
to provide a solid understanding (mechanically and
quantitatively) of the kangaroo rat motions and what
role the serpentine tail plays in achieving these
motions. These understandings could further benefit

Fig. 1 A kangaroo rat flips itself in the air by swinging its serpentine tail. Snapshots are captured from the supplementary video 1 in

[30], which is also available online at [29]
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the development and control of such robotic systems,
for instance, developing novel tailed biped robots for
executing highly agile motions (military technology)
or developing tail-assisted fast maneuvering tech-
niques for space robots (space technology). In control
theory, solving the unique kangaroo rat tail-assisted
locomotion problem could further enrich the existing
whole-body control theory.

The major contributions of this work are summa-
rized as follows. Firstly, a general 3D bipedal model
with multi-contact feet and a general serpentine tail is
established. Secondly, two representative and general
serpentine tail structures, namely the articulated tail
model and the continuum tail model, are formulated.
Thirdly, numerical optimal control methods (direct
collocation) are used to automatically plan the tail
motion, which allows incorporating advanced input
and state constraints. Fourthly, through the established
dynamic model and controller, agile motions, tail
functionalities, and tail model comparative studies of
the kangaroo rat are analyzed. Each of these four points
is proposed in the literature for the first time. The
combination of these four points provides a high-
fidelity kangaroo rat model and explains the serpentine
tail’s functionalities with assisting the kangaroo rat to
achieve agile motions from a mechanics perspective
for the first time.

The overview of the modeling and control
approaches in this work is shown in Fig. 2 where the
entire process consists of three parts: dynamic mod-
eling, motion planning, and simulation. The dynamic
modeling part establishes the equation of motion
(EOM) of a kangaroo rat model considering two types
of serpentine tail models and the ground contact
events. This model is used in both the motion planning
part and the simulation part. The difference is that in
motion planning, the dynamic model is used as path
constraints for the tail trajectory optimization tasks
while in simulation, the dynamic model is numerically
solved to verify the motion planning effectiveness. To
convert the designed trajectory to actual joint inputs, a
feedback-based trajectory tracking controller was
implemented in the simulation.

The following sections of this paper are organized
as follows. Section 2 formulates the dynamic model of
the kangaroo rat. Section 3 derives the motion plan-
ning algorithm and the trajectory tracking controller
for the serpentine tail motion control problem.
Section 4 implements the numerical experiments and
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Fig. 2 An overview of the modeling and control approaches in
this work

explores the serpentine tail functionalities in kangaroo
rat locomotion. Section 5 summarizes the main results
of this paper.

2 Dynamic modelling

The dynamic model of the kangaroo rat is shown in
Fig. 3 where the body is abstracted into an ellipsoid

Zs .
vt \ L =5
S T 2 M: 501

M-

Fig. 3 Kangaroo rat kinematic model. Note that the animal on
the top is for morphological reference only. It is a jerboa—a
different species with similar morphology and behaviors
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and the leg is modeled as a planar three-parallelogram
mechanism. The foot is modeled with a flat sole such
that it allows stable standing. The inertial frame
S = (S,X,,¥,,Zs) is attached on the ground with z;
pointing vertically up and y, pointing forward. The
body-fixed frame of the torso XB := (B,Xp,y),Zs) is
attached at the torso COM with its basis vector
aligning with the principal axes of the torso moment of
inertia (MOI). Note that the torso COM is not
necessarily located at the ellipsoid center or its focus,
but the MOI is always computed with respect to the
ellipsoid center.

The EOM is established using the inertia matrix
method in [34], as shown in Eq. (1). The leg inertial
loading is neglected due to its small influence
(lightweight legs) on the overall motion. However,
its kinematics is still needed to generate the GRF.

Hq + C(q,q) = Juta + Jffe (1)

where H is the system inertia matrix, C is the bias
force containing all the gravitational, centrifugal, and
Coriolis forces, 14, is the actuation input from the tail,
f. is the GRF, J,, and J; are the corresponding
Jacobians for the actuation and GRF, respectively,
q=[p] o, qu]T is the system generalized coordinates
where p,, is the position of point B, ¢, = [¢, ¢, qﬁZ}T
is the torso orientation, and ¢, is the generalized
coordinates that describe the tail configuration.

The serpentine tail consists of m serially connected
segments. Each segment can bend spatially (i.e.,
bending to left and right or bending up and down),
and is fully defined by these two mobilities. Therefore,
the tail has 2m generalized coordinates and the system
has d = 6 + 2m DOF. The components in Eq. (1) are
obtained as follows:

H=mJ} Jo+ 3] db0+ > H; (2)

C= th,ixg + J;w a')bIb(’)h + ID(taila q, qv 0) (3)

where my,, I,, H; are the torso mass, torso MOI
(measured in the inertial frame), and the inertia matrix
for the i-th segment of the tail, respectively. J, . and
Jb» are the trivial Jacobians for p, and ¢, respec-
tively. g=1[00g]" is the negative gravitational
acceleration. @, = (f)b is the angular velocity of the
torso. The tilde above a vector indicates its skew-
symmetric expansion. The “ID(tail)” function
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represents the inverse dynamics of the tail subsystem
that contains all the non-actuation loading (inertial,
gravitational, frictional, etc.):

ID(tail, q,q,4) = Y " = (4)
where t; is the inertial loadings for the i-th tail
segment.

The critical kinematic and dynamic information
required by Eqs. (1)—(4) is presented in the following
subsections in detail. To compare different serpentine
tail structures, a continuum tail model and a discrete
tail model are formulated.

2.1 Leg kinematics

For simplicity, the leg mechanism is set to move only
in the plane that is parallel to the y,Bz;, plane, i.e.,
there is no abduction DOF in the leg. Due to the three-
parallelogram mechanism, all the hip (H), knee (K),
ankle (A), metatarsophalangeal (M), and toe (T)
positions in the leg plane could be described by two
hip angles y, and J;, where the subscript I = {1,2}
indicates the right (1) or the left (2) leg, respectively.
Therefore, the metatarsophalangeal and toe positions
are calculated using Egs. (5)—(9), where the left
superscript is used to indicate the measuring frame
other than the inertial frame. Other subscripts are
labeled to indicate a point or a line segment. For
instance, p,,; stands for the position of point M;, Py,
means the vector from H; to M;, and Ly, is the linkage
length from H; to D;.

Py = Py + Prong + Promy (5)
Pii = Promi + Pros (6)

bpth,] = (Lp2a + Lioa)un(y;) + (Laok + Laom)un (1)

bpmzz,z = —Lypun(y, — 1) (8)

u;(x) = [0 cos(x) sin(x)]” 9)

The velocities could be calculated by differentiat-
ing the above equations directly and the corresponding
Jacobians are obtained by factoring out the general-
ized velocity q. Then, the generalized GRF is obtained
as
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I =30 (Buibs + Juifid) (10)

2.2 Articulated tail model

The articulated tail assumes that each tail segment
consists of n serially connected links and adjacent
links are connected by universal joints. All joints have
the same rotation in the same segment. To compute the
kinematics of this tail, a similar approach as in [35] is
used. As shown in Fig. 4, the body-fixed frames are
defined as follows. Frame ZXJ; := (J;X;y;z;) is
attached to the j-th link and is located at the j-th joint
center J;. y; points along with the link and to the tail
root direction. z; aligns with the yaw axis of the j-th
universal joint. Note that the first joint coincides with
the tail mounting point 7.

With the above definitions, the orientation of each
link (R;) could be obtained recursively, as shown in
Eq. (11) and (12) where R, and R, are the principal
rotation matrix functions with respect to the x-axis and
z-axis, respectively. o; and f; are the pitch and yaw
rotation angles for the universal joints in the i-th
segment, respectively. Therefore, the tail generalized
coordinates for the articulated tail case is

q; = [O‘I By ... oy ﬁm]T
TRy = Ry(#)Re(By), (i—Dn+1<j<in  (11)

J=0

j>0 (12)

. Rb7
K= {Rj—l IRy

The joint positions p;;,, and the COM position
of each link could then be calculated recursively

pj,com
too, as shown in Egs. (13)—(15), where L. and L;; are
joint-to-joint

the joint-to-COM and distance,

respectively.

Segment i
Segment 1

Fig. 4 Articulated tail model

pj,mm = pj.jnt + pj,/'ZC (13)
P, + Py j=1

= . 14

P {le,im TPy J>1 (19

{pj,ﬂc = _LjZCyj (15)
P2 = ~Lijyj

The corresponding angular velocities, linear veloc-
ities, Jacobians, and accelerations are calculated by
differentiating the position relationships directly, as
outlined in Appendix A. Therefore, with the above

kinematic information, the segment inertia and non-
actuation loading could be computed as

in

Hi = Z (mafJ]?:co;n‘I/:C'(””'l + J}jwlj}atJ/‘.w) (16)

Jj=(i—1)n+1

in

S

[‘IZ{ramma[ (Vicom +8) + 3], (L@ + @Ifm‘”j)]
j=(i—1)n+1

(17)

where m, and I;, are the mass and the MOI
(measured in the inertial frame) for the j-th link,
respectively. Note that Eq. (17) only accounts for the
inertial and gravitational loadings. The internal joint
frictions are neglected to simplify the modeling. The
reasoning for this is that previous modeling and
simulations [35, 38] showed that the internal joint
frictions mainly affect the control effort (requiring
larger motor torques) and do not change the overall
motion significantly. Since the focus of this paper is on
the overall motions instead of the joint torques, the
joint frictions were neglected for simplicity.

2.3 Continuum tail model

The continuum tail model assumes that each tail
segment is a non-extensible constant curvature rod and
there is no twist motion inside the rod. Mass is
uniformly distributed along the rod. Due to the results
in [36] that the angular kinetic energy constitutes only
5% of the total kinetic energy, the angular inertial
loading for an infinitesimal slice (referring to Fig. 5) is
neglected, i.e., the mass is assumed to concentrate on
the neutral line. Similar to the articulated tail model,
all frictions and elasticities are also neglected. Only
the inertial loading and the gravitational loading are
computed. Based on these assumptions, the shape of
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Segment i

Segment 1

Fig. 5 Continuum tail model

each tail segment is totally defined by two local
variables: the out-of-plane angle ¢, and the in-plane
angle 0;. And the tail generalized coordinates are
q,=[¢, 0, ..., 0, Figure 5 illustrates the kine-
matic configuration of the continuum tail model. Note
that since the tail is not extensible, 0;,r; = L., where the
L, is the segment length.

There are several existing methods to formulate the
continuum robot dynamics, such as the classic [37] or
the new [36] modal approaches. The main differences
between these methods are their kinematic represen-
tations, i.e., how to describe the position and orien-
tation of the slice x. We apply the same approach as in
[38] due to its advantage to represent the kinematic
integral explicitly. However, since the continuum tail
model is non-extensible and non-elastic, the formula-
tion is slightly modified. That is, the inertial matrix
and the non-actuation loading of the i-th segment are
computed as integrals along the neutral line:

1
Hi = mct/ JiTo’XJi,(),xdx (18)
0

1
T, = mcl/ JZ{),X(Vi,(),x + g)dx (19)
o o

where m,, is the segment mass, J; , . is the Jacobian of
the slice center O;,, Vi, is the acceleration of O, ,,
and x is the local parametric variable. Note that
Eq. (19) neglects the angular inertial loading due to its
small contribution to the total inertial loading. This is
equivalent to concentrating the mass on the neutral
line.

With the constant curvature assumption, Eq. (18)
and (19) turn out to be integrable, i.e., the integral

@ Springer

variable x could be separated from the kinematic
terms. Therefore, expressing the O;, position as an
explicit function of x yields

pi,o?x = pi.q + Sxad; — bei (20)

in which s, = sinf;x and ¢, = cos0;x. Pig> @i and b;
are intermediate vectors defined by Eqs. (21)-(23).

P— (21)
a; = —ry; @)
b; = r;(sing;x; + cos@,z;) (23)

The velocity and Jacobian of O; , are then obtained
by directly differentiating Eq. (20):

Viox = Pig T 8@ + xc,a;0; — c.b; + xs,b;0; (24)

T T T T T T T WT
Jiox =Jig t5:di, txcd;pa; — ;) +xs:J; ob;

i,0,x

= Jl?:v Ofi,v(x)
(25)
fi,v(x> = [ 1 Sy XCx —Cx XSy ]T (27)

where J;g4, Jia, Jip, and J; o are the corresponding
Jacobians for p;,, a;, b;, and 0;, respectively. In
Eq. (25), the Jacobian is written as a block-wise
matrix multiplication (denoted by “o”) form such that
the integral terms are separated from the non-integral
terms. This form makes the expression concise and
facilitates the following integrations. Therefore, the
inertia matrix for the i-th segment could be evaluated
as

1
Hi = mct/ Jzz:v Ofi.v(x)va(x) ° Jl‘-,vdx
0 ) )
= mctJl‘T:v o Ei,v o Ji7l’ (28)

where E;,(0;) = [ (1)f i (X)f],(x)dx is a precomputed
matrix that only depends on 6; and its expression is
presented in Appendix B. Similarly, the acceleration
of O;, is obtained by differentiating Eq. (24):
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Viox = p'i_’q +s.a; + 2xcxai,-9i + xc.a;0; — xzsxa,-é[2
— cxﬁi + 2xsxbi9i + xsxb,-é,- + xzcxb,-éi2
(29)
Adding up the gravitational acceleration and using

the block-wise matrix multiplication notation, the non-
actuation loading is computed as

1
S / 37, 0y (0)f (%) © el
= mCTJiT,v © Qi,v oh;, (30)

b, = 7, +g & 4! 0; al 0 al0; b;b; 0; b0 b7 0]
(31)

— xS, — ¢y 2XS, XS, X°Cy]
(32)

where Q;,(0;) = |, (l)f iv(X)f;4(x)dx is a precomputed
matrix that is only dependent on 0;. The detailed
expression for this matrix is given in Appendix B.

The orientation and position of each segment frame
> 0; could be calculated recursively, as shown in
Eq. (33) and (34). The higher-order information
(velocities, Jacobians, and accelerations) could be
calculated by directly differentiating their position
relationships.

Rii1 = RR(¢;)R(—0;)Ry(—;) (33)

Sia(x) = [1 8¢ 2xc, xc,

Pii1, = Pi, + sinf;a; + (1 — cost;)b; (34)

Moreover, since the above kinematic representation
is essentially a variant of the Frenet-Serret frame [37],
it is not able to handle the case when the curvature
equals zero, i.e., the segment becomes a straight line.
For such cases (e.g., when 0; < 10_6rad), the segment
dynamics are treated separately as a straight rigid link.

2.4 Ground contact model

The same ground contact model as in [39] is used,
which is a regularized compliant contact model [40]
that formulates the normal force as a nonlinear spring-
damper system and the friction force as a linear spring-
damper system. The friction force model obeys the
Coulomb friction law, which states that the quotient of
the friction force and the normal force cannot be

greater than the friction coefficient. Therefore, for
each contact point, the GRF is obtained as

for = |1fallzs + [I£2]1x; + [|£ ]|y, (35)
IIf.|| = max{](nzS/2 + D,K,z"/*z, 0} (36)
wlIfn ]l Kpx + DpKpx > pll[f|
Ifc|l = < Kyx + DyKpx, else
_:qun”a fo+Dfo)é< _ﬂ”fnn

(37)

where z, K, and D,, are the penetration depth, ground
stiffness, and ground damping coefficient, respec-
tively. K¢, Dy, x, and p are the friction spring stiffness,
friction spring damping coefficient, offset distance in
X, direction away from the first contact point, and
friction coefficient, respectively. Hﬁ || is computed the
same as the ||f,|| except replacing x with y.

The contact detection problem (computing the
contact points) for the legs and the articulated tail
are straightforward, which are just the foot points M,
T}, A;, and the tail joint points J;. The contact point
calculation for the continuum tail, however, requires
special treatments since it changes continuously as the
tail configuration changes. An easy way to find out
these points is to calculate the lowest point of each tail
segment, denoted as C;y ={0;,:x€[0,1]
minimizes the z component of p; , , }. Note that x here
has the same sense as that in Sect. 2.3, instead of the x
in Eq. (39). The necessary condition for x to minimize
the z component of p; , , could be obtained by letting
the derivative of Eq. (20) with respect to x vanish,
which yields:

Cxa; ; + Sgbl"z =0—-Xx= atan(—am/b,-‘rz)/Qi (38)

where X is the optimal value of x, a; ; and b; ; are the z
component of a; and b;, respectively. Therefore, the
contact points C; ., could be determined as

0;, atan(—ai,z/bt}z) <0
Cict =4 Oix, else >
Oiv1, atan(—a; /b;;) > 0;

For the cases that X is undetermined (e.g., when the
bending plane of segment i is horizontal), X is set to
0.5. For the cases that the tail segment becomes a line
segment, the contact points are manually set as its two
endpoints.
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Fig. 6 Kangaroo rat tail
motion control framework
where the green dashed lines
indicate the passive tail
motion control phase, and
the red dashed lines indicate
the active tail motion control
phase
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\
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Start Moment \

Desired State for
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3 Tail motion control

Controlling the motion of a 3D biped with a multi-
segment serpentine tail is more challenging than a 2D
biped [5, 10, 33] or a 3D single body with a single-
segment single-link tail [7-9, 13, 32, 33] since the
traditional intuition-based tail motion planning and
control methods [5-20, 32, 33] are not applicable
anymore. To solve this problem, we propose to use the
numerical optimal control method [41] to automati-
cally synthesize the tail motion for the kangaroo rat
agile motions. The existing numerical optimal control
techniques could be roughly divided into two classes:
the indirect methods such as differential dynamic
programming (DDP) [42], and the direct methods such
as direct collocation [43] or orthogonal collocation
[44]. In this paper, we chose to use the direct
collocation method [43] due to its robustness for
high-dimensionality systems and its flexibility to
include advanced constraints (e.g., box constraints
for joint motion range and joint torque limit). The
motion planning will only focus on the airborne phase
since the tail motion in this phase is more challenging
to be planned manually. More importantly, contacts
are not involved in the airborne phase and thus the
system dynamics are smooth, which makes the
optimization process efficient and robust. After the
tail motion trajectory was generated, a partial feed-
back linearization (PFL) based controller [45] was
implemented to track the trajectory. This motion
control framework is illustrated in Fig. 6 where the
active tail motion control starts from a randomly
picked moment when the kangaroo rat is in the air and
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ends until the moment before the kangaroo rat lands on
the ground. All the motions in other moments use a
passive tail controller (simple damping) for which the
details will be presented in Sect. 3.3.

3.1 Trajectory optimization through direct
collocation

The core idea of the direct collocation technique is to
treat both the system states and control inputs as
decision variables for the nonlinear programming
(NLP) problem [46, 47]. For the motion planning
problem of the kangaroo rat in the airborne phase, the
objective is to design appropriate tail motion profiles
q,,(t), q,,(t) and torque profile 1, ,(¢) such that the
kangaroo rat body could reach desired orientation
before landing. Using the direct collocation technique,
this problem could be formulated as an NLP problem:

N
minimize : {y(ty, q;, 97,97, Ay, Dy, TaN) + ka(‘hm Ue» Trak)
k=1
(40)
. . . ho
subjectto : q; | — q; + EH]‘ (Ck - Jm‘kTm,k)
h_
+ EHk_;:l (Ck+1 - Jta,k+ltta.k+1)
=0 (41)
h . .
Q1 — Gk — E(qk + Q1) =0 (42)
fC 7'7“7 7. 7TU. §07
b (‘h q;, U1, 49y, 9y, Ts N) (43)

Epc (qka qu thuk) < 07 bC,pC e N
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where the decision variables are p, = {tv,q;, 4y, T,
1,..., Ay, Qy;Ten}- Yo and ¢ are the boundary
objective and the path objective functions, respec-
tively. f,. and g, are the boundary and path
constraints, respectively, including all the box con-
straints (e.g., joint motion range and joint torque limit)
and more complicated kinematic constraints (e.g.,
equality constraints for the final state). Note that the
dynamic constraints in Eqs. (41) and (42) do not
include the GRF term (referring to Eq. (1) to see the
difference) due to the airborne assumption. Moreover,
Egs. (41) and (42) implement the trapezoidal quadra-
ture rule to enhance numerical stability. Other quadra-
ture rules such as the Hermite-Simpson rule could be
also used to increase the numerical integration accu-
racy with a cost of longer computation time [47].

3.2 Nontrivial optimization implementation
details

Since the system has d = 6 + 2m DOF and 2m inputs
(the leg inputs y, and ¢; are ignored since the leg
motions do not affect the airborne dynamics), the NLP
problem complexity could easily go up to hundreds of
the decision variables and involve highly nonlinear
constraints, which makes the solving process time-
consuming and susceptible to an infeasible local
minimum. To ease these issues, several special
optimization techniques are used.

The first technique is a warm-start technique, which
utilizes dynamic simulation to generate the initial
trajectory guess. This way, the initial guess always
satisfies the dynamics constraints in Egs. (41) and
(42), which helps the NLP to converge faster. The
dynamic simulation is carried out by solving Eq. (1)
using the given boundary value q; = q(#;) and time
span [t1, ty]. The tail joint torques are computed based
on a purely damping controller (Eq. (47)), which will
be detailed in the next section. The second technique is
to design the objectives or constraints according to the
simulation results. For instance, for the airborne
righting tasks, the boundary constraints fj,. in
Eq. (43) are usually set to make the body vertically
up at the end of the trajectory, ie., ¢, (ty) =0,
¢, (tv) = 0. However, the body pitch angle ¢, and roll
angle ¢, are both modulo 2% numbers. Therefore,
strictly driving the body orientation back to ¢, =0
and ¢, = 0 is not necessary. Instead, depending on the

simulated results, ¢, (¢v) and ¢ (ty) could be set as the
closest multiples of 27 to the end body orientation. For
instance, if the simulation shows that the body pitch
angle reaches 15 radians and the body roll angle
reaches — 5 radians at the end, ¢,(tyv) and ¢, (ty)
constraints could be set to equal to 4n and —2r,
respectively. This technique takes advantage of the
existing system momentum and tends to make the
system perform minimal work to reach the desired
orientation.

3.3 Trajectory interpolation and joint-level
control

The obtained tail trajectory from the NLP is a table of
isolated values on collocation points. To construct a
continuous trajectory for joint-level control, piecewise
spline interpolation is utilized using the MATLAB
function spline. To track this tail trajectory in the
simulation, a PFL controller that was previously
proposed by the authors [45] is used. That is, the tail
control effort 1, is calculated to just linearize part of
the system dynamics, which is, in this case, the
dynamics corresponding to the tail part of the gener-
alized coordinates q,. Therefore, to track the tail
trajectory q, ,(t), the system output is constructed as

y=9q - qz,r(t) (44)

To linearize the system to asymptotically stabilize
this output, a spring-damper system that is known to be
stable is constructed as

y+ Koy + K,y =0 (45)

where Ky = K b0, and K, = K, I,x2, with
K4, K, > 0 and Lyuxa, € R?™ ™ being the identity
matrix. Substituting Eq. (44) into Eq. (55), using a
selection matrix S € R*"*¢ such that q, = Sq, and
using Eq. (1), Eq. (45) could be solved as

Tia = X+ (SH?IC + q.tAr + Kd(qt,r - qr) + Kﬂ(an - (It))
(46)
in which X = SH™'J7 and X7 is the Moore—Penrose

ta
inverse of X. Again, the GRF term does not appear due
to the airborne assumption. It is worth noting that in
practice, we did not use the ¢, , term and it turned out
that the controller still worked well. It is also worth

noting that due to the coupled and highly nonlinear
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Table 1 Kangaroo rat

Var Value Var Value Var Value
model properties
g 98 ms™? K, 1000 Nm™" Ky 0.001
Lina 8 mm D, 0.75 m 10572 g
Lox 24 mm Ky 600 Nm™" br, diag ([672.2 363.9 727.9]) gem?
Lo, 32 mm Dy 0.01 Tail Mass 351 ¢g
Loom 35 mm u 1 Tail Length 194.66 mm
Lo 16 mm Ky 400 bpL, [0—40.5 4.5] mm
Om 30° K, 4ed g T [(=1)"'22.5-18 11.25] mm

dynamics between the tail and the body, a simple
model-free proportional-derivative (PD) controller
turned out not to work well in this case, which is the
major reason that we chose to use PFL, which
empirically shows better tracking performances.

For the phase when the tail is not tracking a
prescribed trajectory, the tail joint controller is set to a
passive damping controller, which simply resists the
tail motion and purely consumes the system energy.
The control effort is calculated as

Ta = _KdmpIZmXZqut (47)

4 Numerical experiments

All computations are carried out using MATLAB. The
simulation is performed using a variable step ordinary
differential equation (ODE) solver ode45 with an
absolute tolerance of le-6 and a relative tolerance of
le-8 to guarantee the simulation accuracy. The NLP
problem for the tail trajectory optimization is solved
using the function fmincon with “interior-point”
method. The computing environment consists of a
workstation with an AMD Ryzen 9 3900X 12 Core
CPU (3.793 GHz) and a MATLAB R2021b distribu-
tion running on Microsoft Windows 10 Education
operating system. All the model properties are sum-
marized in Table 1 where the critical kangaroo rat
parameters (body mass, tail mass, tail length) are taken
from the measurements in [31]. The detailed tail
parameters such as the segment length of the contin-
uum tail or the link mass of the articulated tail, are
calculated by evenly distributing the total tail proper-
ties onto each segment/link, depending on the actual
segment number m and link number n. For instance,
the link mass of the articulated tail is determined to be
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mg; = tail mass/mn. The MOI of the body and each
link in the articulated tail model are estimated by
assuming that each rigid body is an ellipsoid. The
COM of each articulated tail link locates at the
geometric center of the link, i.e., Lp; = 2Ljp.. It is
worth noting that the friction coefficient u is set to 1 in
the airborne righting motion tests in Sects. 4.2 and 4.3
to guarantee a no-slip condition between the foot and
the ground during jumping. This value is later set to
0.5 in the tail-ground contact motion tests in Sect. 4.4
to allow slippage between the tail and the ground. This
change is accommodated to facilitate the numerical
computations  without affecting the motion
conclusions.

Since this paper focuses on the tail behaviors, the
leg motion is planned manually, and only simple
trajectories are used. For instance, for the airborne
simulations, the leg motions are designed to be

7
" :67-‘:7 0

1 5
max{ 12n T0(t — frick)s 1271}, 1> trick
(48)

which keeps y; constant and rotates d; in a constant
speed from —15° to —75°. e« is the moment to start
the leg motion and in this paper, all the simulations use
the same fy;x = 0.4s. This leg kicking motion drives
the kangaroo rat to jump to a height of around 0.6 m. It
is worth noting that for this kicking motion, the
kangaroo rat model uses its ankle (A) point and
metatarsophalangeal (M) point to push the ground,
instead of the toe (T) point. This is similar to the
jumping motion exhibited by the real kangaroo rat.

For better illustration, animations were created for
the simulations in this section, and they can be found
online at https://youtu.be/wy067QQOCyvs.
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Fig. 7 Tail trajectory setting for the comparative study
4.1 Comparative study on tail models

This section investigates the performance difference
between the continuum tail model and the articulated
tail model. Since the fundamental difference between
these two models is that the articulated model
discretizes the continuum tail, this comparative study
aims to investigate the effects of the number of links
on the tail performance. Therefore, the tail segment
number is set to 1 (m = 1), and standard airborne yaw
rotation motions are simulated. All other model
parameters are set to be the same. The tail trajectories
are planned so that the articulated tail has the same
COM angle as the continuum tail, as shown in Fig. 7.
This criterion was previously proposed by the authors
to compare the dynamic differences for different
robotic tail structures [35]. The tail COM angle 0., is
defined as the rotation angle of the line segment
connecting the tail COM and the tail mounting point 7.
To compute the 6, of the continuum tail (which is an
arc), Eq. (86) in [35] is used, which gives

01 — sin91

tan(O.om) = 1 — cosb,

(49)

The 0., trajectory is planned to be a simple point-
to-point motion from 0 radians to atan(z/2) radians
using cubic polynomial, which corresponds to 6; from
0° to 180°.

The comparison results are presented in Fig. 8
where the Fig. 8a shows the body yaw responses ¢_(t)
for the continuum tail model and the articulated tail
model (four links are used, i.e., n = 4), respectively.
Figure 8b plots the trend of the body yaw angle
differences as the link number increases. From
Fig. 8b, it can be found that the overall model
difference is small (less than 0.5°) and this difference
approaches zero as more links are used for the
articulated model. The largest difference happens
when the link number is four. However, even for this
worst case, the absolute model difference is still small,
which can be also observed from Fig. 8a.

4.2 Airborne righting tests

From the results of Sect. 4.1, the dynamic difference
between the articulated tail model and the continuum
tail model is not significant, especially when the link
number of the articulated tail becomes large. There-
fore, for this section and the next section, the
experiments will only focus on the articulated tail
structure. This section aims to verify the developed
dynamic model and the tail motion controller, where
the tail trajectory is generated by the direct collocation
method in Sect. 3. The objective function and con-
straints settings are summarized as follows:

() lo=0, & =ht, Ta1/2, Iy =htl, yTan/2,
b = hfg,,k‘fm,k (k=2,3,....,N—1) to mini-
mize the control effort over a given time span.
h=ty/(N — 1) is the step size.

2 fi=q —q(t1))=0, f2=¢,y— Gpan =0,
f; = (f)hN = 0 to start from a given initial state
q(t;) and reach a desired body orientation ¢, 4
with a zero body angular velocity.

() & = — Briimen <0,

&= Qi — ﬁz,zimezm <0,

g = Tk — Brajim€2m <0,

8 = Tk — Prajim€m <0,

gs=[ti—tniy — 11 —1,]7 <0 to add joint
motion limit (f, ,, = 180°/mn), joint torque
limit (f,, ;,, = 0.02Nm), and motion planning
time span ¢, > 0. ey, is a column vector of ones
that has 2m elements.

The initial state q(#, ) for the trajectory optimization
is selected at a random moment #; after the kangaroo
rat leaves the ground, although this “random” selec-
tion has a prerequisite that it must guarantee that there
exists at least one feasible solution to the NLP
problem. For instance, if #; is chosen to be too close
to ty, it is possible that there does not exist a feasible
tail trajectory that can drive the system to the desired
state, i.e., no matter how the tail rotates, the kangaroo
rat is not able to reach its desired posture in time. This
arbitrary selection of starting moment is meant to
show the effectiveness of the motion planning algo-
rithm on handling the airborne righting tasks for any
given state. For the experiments in this section, we
used a one-segment tail with three links per segment
(m =1, n = 3), selected #; = 0.5s (0.1 s after the leg
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Fig. 8 Comparison results 0 ; > 04
for the continuum tail model N =
and the articulated tail g 7 ol g 02
model: a the body yaw DCRTY: 5 o
motion responses ¢, (1), and = 5
b the final body yaw angle R SN 02
differences for different link g H
number @ 207 > 04
°
-25 : : : @ -06 ‘ : ‘
0 0.05 0.1 0.15 0.2 0 5 10 15 20
Time (s) Link Number
(2) (b)
0.7 0.7 — 0.7
0.7s & 0.7s \&k { 0.7s Q_ )
0.6 | 0.6 | t 1 0.6 | <]
4 0.9s l f
o~ { Wiy 0.9s i 0.9s
05— '@ 05— ! ! 0.5 ! !
04 ‘ l‘. 04 0.5s ‘ o4 0.5s ' “-
z(m) 0.5s { ' z(m) f( z(m) f«‘ ;
03 /_ 4 I" 03+ /_— ] "\ 0.3+ /— ]
02+ : l'. 02+ ; L. ‘
N f“ [} ;
04 m = 1.1s 0.1 '\ wa 1.1s
0 0.1
02 0.1 0 ; a -o.?

y (m)

(b)

Fig. 9 Snapshots of a a simulated jumping motion without active tail control, b a designed whole-body motion using the proposed
motion planning algorithm, and ¢ the simulated motion by tracking the designed tail motion

kicking the ground), 7, = 0.58s (the moment just
before the landing), used a desired final posture of
¢, =0, qSy = 0, and set a collocation rate of 100 Hz
(step size of 10 ms). The snapshots for the entire
jumping motion with active tail control are shown in
Fig. 9b and c where the dashed lines show the body
COM (point B) trajectories. To compare the tail
motion effects, a simulation for the same jumping
motion but without active tail motion control was also
conducted and included in Fig. 9a. The entire motion
in Fig. 9a was simulated using the full dynamics of
Eq. (1) and the tail controller of Eq. (47). In Fig. 9b,
the green segment (green dashed line) of the motion
was simulated using Egs. (1) and (47), but the red
segment (red dashed line) was a direct plot of the NLP
results in Sect. 3.1, which used all the designed motion
information including both the body motion and the
tail motion. To verify that the designed motion was
actually feasible and can meet the desired goal, Fig. 9¢
simulated the red part using Eq. (1) and the tail

@ Springer

controller in Eq. (46). Note the slight differences of
how Fig. 9b used the designed whole-body motion for
plotting while Fig. 9c used only the tail trajectory.
This is because in simulation, the body motion is the
under-actuated DOF and only the tail trajectories
could be properly controlled. It is also worth noting
that the tail contact model was not included for these
experiments and therefore the tail could penetrate the
ground in Fig. 9. Comparing Fig. 9a and c validates
the tail’s functionalities in helping the airborne
righting maneuvers of kangaroo rats. Comparing
Fig. 9b and c verifies the effectiveness of the motion
planning algorithms in Sect. 3.1 although only a
simple trapezoidal quadrature rule was used.

Figure 10 shows the time domain details for the
motions in Fig. 9, where the Fig. 10a plots the body
COM trajectory p,(t) (pp» Ppy» and p,, , are the X, y, z
components, respectively), Fig. 10b and ¢ show the
body orientation trajectories, Fig. 10d plots the tail
joint trajectories, Fig. 10e plots the trajectory tracking
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Fig. 10 Detailed plots of (m) (rad) (rad)
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error of the tail joints ej, = o — o1 and ejp =
By — Bi1a (¢14 and B, are the planned tail joint
trajectory from the NLP), Fig. 10(f) plots the planned
and simulated tail joint torques. Further calculation
shows that the optimal trajectory found by the motion
planning algorithm consumes 0.0165 Joule energy and
requires a peak power of 0.2699 Watt. The mean value
and standard deviation of the tail joint trajectory
tracking errors are -0.0012 rad and 0.0065 rad for e, ,,
-0.0003 rad and 0.0055 rad for e g.

According to Fig. 10a, the matching trend among
the three trails verifies the effectiveness of the motion
planning algorithm. It also implies that the tail motion
has marginal effects on the body COM motion.
However, Fig. 10b and c¢ demonstrate the tail’s
usefulness in affecting the body’s orientation,
although the mismatch between the planned (blue
dot-dashed line) and simulated (green solid line) body
orientation trajectories reflect the accuracy limit of
using the trapezoidal quadrature rule to implement the
dynamics constraints. Figure 10d and e show the
effectiveness of the PFL controller for the tail’s joint-
level trajectory tracking control. Figure 10f first
verifies how the PFL controller can generate appro-
priate control effort. It also shows how the open-loop
motion planning algorithm can generate a similar
control effort as the closed-loop feedback controller.

To further investigate the numerical aspects (e.g.,
accuracy and efficiency) of the motion planning
algorithm, different collocation frequencies are used,
and the results are collected in Fig. 11. The dynamics
error is measured based on the distance between the

planned motion x,;, and the simulated motion Xk
with the planned tail trajectory being tracked, which is
a L*-norm:

Dyn.Err. = HXn/p(f) - erack(t)Hz

N
- \// (anp - Xtrack)T(anp - Xtrack)dt
1

(50)

From the results, it can be found that increasing the
collocation frequency helps reduce the dynamics error
but increased computation time. However, when the
dynamics error is already reduced to a low level, this
trend does not continue (> 100 Hz in Fig. 11). The
iteration number and objective value are shown not to
be significantly affected by the collocation frequency.

4.3 Comparative study on tail segmentation

After verifying the modeling and control frameworks
using a one-segment tail, this section investigates the
differences of the tail with multiple segments, that is,
how the tail’s number of segments affects the airborne
righting performance as well as the numerical aspects
of the trajectory optimization algorithm. For this
purpose, the total number of links of the articulated tail
is set to 6 so that it could be divided by the segment
numbers 1, 2, and 3. For instance, when the segment
number is set to m = 2, the link number is set to n = 3.
The remaining settings are the same as in Sect. 4.2
except for changing 8, ;;,, = 360° /mn to allow a larger
workspace of the tail to find feasible solutions for the
NLP problem.
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Fig. 12 Snapshots of the planned motionofam =1,n=6,bm=2,n=3,andecm=3,n=2

The resulting motion and trajectories are presented
in Figs. 12 and 13, where Fig. 13a— plot the body
orientation trajectories ¢, (¢), Fig. 13d-f plot the tail
trajectories q,(¢), and Fig. 13g—i plot the tail joint
torque profiles t,,(#). From the figures, it can be found
that more segments in the tail enable more delicate
control on the body movement and result in a smaller
control effort on the tail joints (see Fig. 13g—i). Other
statistical information of interest is collected in Table 2
where the tracking error is computed according to
max{abs{e| 4, e1p,...,€3,,e35}}. Table 2 shows
similar observations as in the figures whereas more
segments in the tail tend to save energy and reduce
peak power by finding better tail trajectories (with
lower optimal value). However, this trend is not
significant between the two-segment case and the
three-segment case. It is worth noting that Table 2
shows a noticeable dynamics error (the larger the
error, the larger the difference between the planned
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motion and the simulated motion). However, based on
the conclusions from Sect. 4.2, this issue could be
solved by increasing the collocation frequency.

4.4 Tail-ground contact tests

When the kangaroo rat is on the ground, the tail could
be used as an additional appendage to assist the
locomotion. This section investigates this static tail
functionality by conducting case studies of a jumping
motion and a self-recovery motion. Both the articu-
lated tail model and the continuum tail model are
included to evaluate the effectiveness of the contact
model established in Sect. 2.4. Due to the large
number of contact events, the non-stiff ODE solver
ode45 is replaced by a stiff ODE solver odel5s for
faster evaluation of the contact events. The friction
coefficient p is also adjusted to 0.5 to allow sliding
motion on the contact surface.
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Table 2 Performance statistics for different number of segments

No. of No. of Optimization time Optimal Energy  Peak power Dynamics Tracking error
segments iterations (min) value ) (W) error (rad)

364 15 1.35e-5 0.0308 1.02 3.98 0.0848

646 39 5.81e-7 0.0152 0.208 8.21 0.391
3 1469 121 5.06e-7 0.0208 0.551 19.5 0.109
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Fig. 13 Detailed plots of the planned motion for one-
(subfigures (a), (d), (g)), two- (subfigures (b), (e), (h)), and
three-segment (subfigures (c), (), (i) tail case. The line style
code for the subfigures a—c is that the “red solid”, “green
dashed”, and “blue dash-dotted” lines correspond to ¢,, ¢, and
¢., respectively. The line style code for the subfigures d—f is that
the “red solid” line, “green dashed” line, “blue dash-dotted”
line, “black dotted” line, “black solid” line with circle markers,

4.4.1 Case study on jumping motion

Two sets of experiments were designed to compare the
difference between the two tail types: one jumping
motion using the articulated tail and one jumping
motion using the continuum tail. Both cases utilized
the tail contact event to stabilize locomotion. For
comparison purposes, one additional jumping motion
without using the tail for locomotion was also
performed. It is worth noting that other than changing
the ODE solver and the friction coefficient, the leg
trajectory component 0;(f) was also changed to
rotating from —40° to —90° for kicking and then
rotating back to —30° for landing. Both tails used three

and the “black solid” line with square markers correspond to o,
B, a2, s, 3, and 3, respectively. The line style code for the
subfigures g—i is that the “red solid” line, “green dashed” line,
“blue dash-dotted” line, “black dotted” line, “black solid” line
with circle markers, and the “black solid” line with square
markers correspond t0 Tigu1, Tia 1> Traw2s Tia,f2s Tiaw3s and
Tia,p,3, T€Spectively

segments (m = 3) and the articulated tail used four
links per segment (n = 4).

The simulation results are demonstrated in Fig. 14,
where Fig. 14a—d show the jumping motion without
using the tail support on the ground, Fig. 14e—h show
the jumping motion using the articulated tail support
on the ground, and Fig. 14i-1 show the jumping motion
using the continuum tail support on the ground. From
the case study results, it can be found that the tail-
ground contact model is able to generate realistic
contact phenomena, which enables future investiga-
tions on contact-rich motion planning and control of
the kangaroo rat model. In addition, the case study
shows that through environmental contacts, the tail
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®

Fig. 14 Jumping motion snapshots

becomes significantly useful in helping the kangaroo
rat locomotion.

4.4.2 Case study on self-recovery motion

For the self-recovery test, the robot was initialized
laying down on the ground. The tail motion was
manually planned to push the body to stand up. The
results are presented in Fig. 15 where Fig. 15a—d show
the snapshots of the self-recovery motion of the
kangaroo rat using the articulated tail and Fig. 15e-h
show the snapshots of the same motion using the
continuum tail. Note that due to the soft contact model,
the tail may penetrate the ground for transient motions.
From Fig. 15, the tail-ground contact models are
verified further, especially for the varying contact
point problem (Eqgs. 38 and 39) of the continuum tail.
The importance of this case study is that it illustrates
how the tail could be used to help the manipulation
tasks of the kangaroo rat through tail-environment
contacts. In these scenarios, the serpentine tail struc-
ture helps to enlarge the tail workspace and enhance
the tail dexterity significantly, which is a fundamental
benefit in comparison with single-link tails.
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4.5 Discussion

The tail controller in this paper mostly focuses on the
airborne righting motions, for which the dynamics are
continuous. In future work, we wish to extend the
work into the non-smooth domain, i.e., designing the
tail controller together with the leg motion planning,
which involves tail-ground contact and leg-ground
contact. Due to the rich contact type and large contact
number, the traditional method based on mode sched-
ule [48] is less attractive. To solve this problem,
through-contact trajectory optimization may be
required, such as those based on direct methods
[49, 50] and those based on indirect methods [51, 52].

This work was motivated by understanding the
tail’s functionalities on agile motions of the kangaroo
rat from dynamics and control perspectives. This
understanding, together with the modeling and control
framework developed in this paper, aims to lay the
foundation for further developments of agile biped
robots with a serpentine robotic tail. Therefore, one
important future work is to develop such a robotic
system that achieves the same level of agility and
dexterity as the kangaroo rat, which may have unique
applications as a highly agile terrestrial moving
platform.
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Fig. 15 Self-recovery motion snapshots

Although the proposed dynamic model computes
fast (less than 0.1 ms), the motion planning algorithm
takes a considerable amount of time (from several
minutes to a couple of hours) to converge. To mitigate
this drawback in the future, an analytical model with
automatic differentiation [53] may be used to fasten
the NLP solving process. Moreover, due to the
nonlinear nature of the system dynamics, the motion
planning algorithm is only able to find a local
minimum. To find the global minimum or a unique
solution for every motion planning, the model com-
plexity may need to be reduced so that the NLP
problem could be formulated as a convex program-
ming problem [54]. In addition, the more generic
techniques (e.g., genetic algorithm, Monte-Carlo
method) may also be used to find a global optimum
or a suboptimum at the cost of a longer computation
time. For the specific case in this paper, one practical
way is to generate more initial guesses spanning the
entire feasible region, and then use a small disturbance
to reinitiate the optimization process after finding a
local minimum. This technique may help to find a
better solution but global optimum is still not
guaranteed.

5 Conclusion

This work investigated the agile motions and tail
functionalities of the kangaroo rat from the perspec-
tive of dynamics and control. Two representative,
general serpentine tail models were proposed: one

articulated tail model and one continuum tail model.
The contact events among the feet, tail, and the ground
were modeled using a regularized compliant contact
model. To automatically design the tail motion, a
direct collocation-based numerical optimal control
method was utilized. The planned tail trajectories were
then tracked using a partial feedback linearization
controller. Using the established dynamic model and
control framework, various numerical experiments
were performed. A comparative study on the two
serpentine tail models was conducted first and the
results validated the common impression that the
articulated tail model approaches the continuum tail
model as the number of links increases. Two sets of
airborne righting tests were then performed, focusing
on verifying the dynamics and control framework and
investigating the differences between tail segmenta-
tions, respectively. To test the tail contact model and
explore the tail’s functionalities in supporting the
body, case studies on jumping and self-recovery
motions were conducted. The simulation results
demonstrated the unique functionalities of the serpen-
tine tail with assisting the kangaroo rat’s locomotion.
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Appendix A: Articulated tail kinematics

The velocities, Jacobians, acceleration, and MOI for
each link of the articulated tail model are computed
recursively using Egs. (A1-A13). Eq. (A14) computes
the torso MOI. u,, is an x-dimension unit column
vector with 1 on the y-th entry.

®,,j =0
;= . hoo. Al
@ { o +axj_1 + fz;,j >0 (A1)

Vjcom = Vjjnt + Vjj2c (Az)
Vp + 0p X Ppoyyj =1

Vi = . A3

s {le.jm + Vi-12,) > 1 (A3)

{ Vij2e = O X Pjje (A4)
Vij2 = @ X Bjjaj

Jo— [03x3 I3x3 O3x2m],j=0
o Jict0+ Xj71u§,2i+5 + Zju£,2i+6’j >0

(A5)
Jj,cam = Jj,jnt + Jj‘j2c (A6)
(Bxs  —Ppar Osxam|ij =1

Jijme = ; A7

o {J/l.jm +Jjo12,) > 1 (A7)

{ Jj.j25 = _IEjJZCij(U (A8)

32 = —Pipdio
d)b7j =0

a)j = d)jfl + &ixjfl - . (Ag)
+o;@j_ X1 + Bz + Pz, j >0

‘.’j,cnm = ‘.’j,jm + ‘}j,jZC (AIO)
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Vijnt = { Vi + OpPyo + OPpard =1 (A1)
Vietjm + Vi12j,) > 1
. -~ ~2
Vij2e = WP e + ;P joe
{ i B iPij hid (A12)
Vi = OjPjjj T OjPjjoj
L =R 'LuR] (A13)
I, = R,"I,R] (A14)

Appendix B: Continuum tail kinematics

The detailed expression of matrix E;, is given as
follows where ¢y = cosl;, sy = sinf);, cyy = co0s20;,
29 = sin20;. Since E;, is symmetric, only the upper
triangle elements are listed.

E.,(1,1)=1

E;,(1,2) = (1 —cy)/0;

Ei,(1,3) = (=1 +co+ 0i89)/0;

E;\(1,4) = —s0/0;

Ei,(1,5) = (—0ico + s9)/0?

E;\(2,2) = 1/2 —s59/(40;)

E;\(2,3) = (—20ic29 + $20)/(807)

E;\(2,4) = (co9 — 1)/(40:)

Ei,(2,5) = (1 — cop — 20800 + 207)/(867)
Ei,(3,3) = (407 4 60icap + (607 — 3)s99)/(2407)
E.,(3,4) =E;(2,5) —1/2

Ei,(3,5) = (=1 4 (1 — 26%)cop + 20i520) / (867)
E,(4,4)=1-E;,(2,2)

E;,(4,5) = —-E;,(2,3)

Ei,(5,5) = (407 — 60icap + (3 — 60%)s29)/(2407)

The elements in matrix Q;, are given as:
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Qi (1,1)=1

Qi,(2,1) = Q;,(1,2) = (1 —cp)/0;

Qin(3,1) = Q;(1,4) = (=1 +co + 0isg) /67
Qi (4,1) =Q;\(1,6) = —so/0;

Qiy(5,1) = Qi (1,8) = (—0ico + 30)/0;
Qi0(2,2) =1-Q;,(4,6) = 1/2 — 529/ (40:)
Q;(3,2) = (—20,c20 + 520)/(807)

Qi,(3,2) =Qi\(2,4) = —Q;,(5.6) = —Q;,(4,8)
Qiv(4,2) = Q;(2,6) = (c0 — 1)/(40:)

Qi.v(57 2) = Qi,v(za 8)
= (1 — cap — 20;809 + 207)/(807)

Qi (3,4) = (407 + 60;,ca9 + (607 — 3)s20)/(246])
Q:i.(3.4) = -Q;,(4,9)

Qiv(4,4) =Q;,(3,6) = Q;,(5,2) — 1/2

Qi (5,4) = (=1 + (1 = 207)ca + 20i520) / (80;)
Qi.(5.4) =Q;,(4,5) =Q;,(3,8) = Q;,(2,9)
Qi (:3) =2Q;,(:,4)

Qi.(1,5) = 2+ (07 — 2)co — 20;80)/0}
Qi,(2,5) = —Qi,(5,8) = Q;,(3,4) — 1/3

Qu,(3,5) = (20,207 — 3)ean — (60} — 3)s20)/ (160])

Qi,v<37 5) = _Qi,v(sv 9)

Q.. (5,5) = (3 +20;(207 — 3)s29 + (607 — 3)cag
—2607)/(166;)

Qi,v<5>5> = Qi,v(3a9) - 1/4
Qi,v(:’ 7) = 2Qi7v(:’ 8)

Q..(1,9) = ((67 — 2)sp + 20;cy) /6]

@ 9

The block-wise matrix multiplication notation “o
is introduced in Sect. 2.3 to express the sum of scalar
multiplications (linear combination of vectors). To
better present its operations, an example is given here.

X =[A30 Bsuo]
Y=[a b]

where the subscripts of A, B denote their dimensions.
a and b are scalars. Then X o Y7 is evaluated as

XoY' =[As, Biynlo[a b]”
= aAs,2 + bB3x»

It has the similar transpose property as matrix
multiplication.

XoY) =YoX'
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