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Abstract—This paper presents a self-calibrating mathematical
model and simulation results of the direct piezoelectric effect of
a new tilt-sensor that measures inclination angles around two
orthogonal axes. Using a fundamental description of the mechan-
ical stress generated in suspended beams under static loading, we
propose a model of the sensor’s direct piezoelectric effect that is
only a trigonometric function of its genetic behavior in two orthog-
onal planes. The significance of the proposed approach lies in the
independence of the model from the structural dimensions of the
piezo-system and the electro-mechanical properties of the piezo-
electric layer. The effect of these structural properties and other
external stimuli on the proposed model is implicitly contained, and
inherently carried by the genetic data which is curve-fitted using a
polynomial approximation. The feasibility of the proposed method
and the accuracy of the model are verified by cross-comparison
with simulation results. These simulations are performed on a CAD
model of the piezoelectric tilt sensor for a case-study operation
range of 0 – 90 . An overall considerable accuracy level was noted
between the simulated and modeled data over the full operation
range, with an average relative peak error of 1.9%.

Index Terms—Direct piezoelectric effect, dual-axis inclination,
mathematical modeling, self-calibration, tilt sensor.

I. INTRODUCTION

T HE direct piezoelectric effect that crystalline materials
exhibit, either naturally or synthetically, is the byproduct

of a complex electromechanical interface that affects the polar-
ization of the crystal. This polarization, which defines the density
of electric dipole moments in the crystal, induces an electric
field across the surface of the solid. In the direct effect of piezo-
electricity, the application of a mechanical stress on the faces of
the crystal disturbs the stable orientation of the dipoles, forcing
their respective realignment within the crystalline lattice. This
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dipole reconfiguration generates a change in the polarization
which induces a proportional change in the electric field. From
an applications perspective, the piezoelectric behavior of crys-
talline materials is of primary importance for the development
of sensor technology, where the stress-inducing capability of a
physical property, such as pressure [1] or acceleration [2], [3], is
converted into a measurable metric, namely an electrical voltage.

Modeling the direct piezoelectric behavior of crystals has for-
mally been done using constitutive equations, which relate the
applied mechanical stress tensor to the resulting electrical po-
larization in the absence of an external electric field [4]. This
electro-mechanical relationship is a function of the piezoelec-
tric properties of the crystal, where the stress tensor and the
polarization vector are correlated together through the piezo-
electric coefficient matrix . Likewise, the voltage across the
crystal’s faces is related to the induced polarization through
the electrical permittivity . In this context, modeling the be-
havior of a piezoelectric system (sensor or actuator) using con-
stitutive equations generates a mathematical representation that
depends explicitly on the crystal properties and . This rep-
resentation also depends on the system’s geometric dimensions
and structural properties as exhibited in the stress tensor .

This dependence of the constitutive equations on the system’s
geometrical, structural and piezoelectric properties renders the
resulting mathematical model vulnerable to unpredictable,
unstable or time-varying parameters. Coefficients and –
albeit well defined for commonly used piezoelectric mate-
rials such as Zinc Oxide (ZnO) and Lead Zirconate Titanate
( - ) – are inherently affected and subse-
quently altered by the operating conditions of the piezoelectric
system. In the most common cases, the vulnerability of piezo-
electric models can be attributed to one (or a combination) of
the following conditions:

(a) Temperature: Large temperature fluctuations, such as
during space ( – 195 ) and underwater operations,
generate a significant variation in matrix coefficients
[5]–[8] and [9] that drastically impacts the performance
of the piezoelectric system. Temperature normally in-
duces the biggest impact on the crystals’ piezoelectric
properties, but it equally affects the geometric charac-
teristics of the micro-structure. Thermal expansion [10]
generates thermal stress [11] and intrinsic structural
deformations that affect the elements of the stress tensor

, specifically elements , and that carry the
bending moment components [12].

(b) Fatigue and Aging: Crystal characteristics can deteriorate
under fatigue and aging effects due to the intrinsic process
of spontaneous energy reduction. Fatigue behavior can be
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induced thermally [13], electrically [14] (switching fre-
quency) or mechanically [15] (recurring bending and de-
flections leading to disorientation of the domains), and re-
sults in aging deterioration that affects piezoelectric coef-
ficients [16] and permittivity [17].

(c) Large Electric Fields: Exposure to strong electric fields
disturbs the alignment of the electric dipoles and degener-
ates the crystal characteristics. The deterioration of these
characteristics is proportional to the strength of the field
[18], and the latter can lead to complete depolarization of
the piezoelectric material if the field strength exceeds a
threshold limit. Strong electric fields are most commonly
present in actuator applications that involve piezoelectric
crystals and alternating AC signals [19], [20]. The depo-
larization effect of such sinusoidal signals is most signifi-
cant during the half cycle that opposes the crystal’s poling
field.

Compensation for this performance degeneration is typically ac-
complished by characterizing the behavior of the crystal and its
properties as a function of every external stimulus [21], [22]
(temperature, cycles of operation, electric field, etc.). This ap-
proach generally adds more parameters to the mathematical rep-
resentation and increases the complexity and non-linearity of
the constitutive piezoelectric models.

However, for some piezoelectric applications such as biaxial
tilt sensing; it is possible to eliminate model vulnerability to
external stimuli by developing a self-calibrating mathematical
representation of the direct piezoelectric effect through a fun-
damental derivation of the constitutive equations. By self-cal-
ibration, we mean that the resulting model will not explicitly
depend on the system’s piezoelectric or structural characteris-
tics, nor will it depend on any external stimuli that may impact
these characteristics. Rather, this information – which is present
in the model in the form of curve-fitted data – will be implicitly
carried by genetic data provided a priori about the operation of
the piezo system.

Although such modeling methodology cannot presently be
proven to being generalizable, its significance on system-to-
system basis is highly desirable, especially for real-time appli-
cations where the system is subject to fabrication imperfections
and recurrent variations in operating conditions. To concretize
this significance, we propose in this paper a new piezoelectric
tilt sensor that we employ as a case-study illustrative applica-
tion. Genetic data from the operation of this tilt meter in two
orthogonal planes is extracted and curve-fitted. Subsequently, a
mathematical derivation that uses this data to generate a self-cal-
ibrating model of the sensor’s general behavior is presented.
The feasibility of the proposed method and the accuracy of the
resulting model are verified by cross-comparison with simula-
tion results performed over the sensor’s full-range operation of
0–90 .

II. DUAL-AXIS MEMS TILT METER

A. Piezoelectric Tiltmeter: Concept of Operation

The piezoelectric tilt sensor introduced in this paper corre-
lates the change in the static stress induced in suspended beams
to the plane inclination (Fig. 1). Recently, physics such as op-
tics [23], [24] and piezo-resistivity [25] have reportedly been

Fig. 1. Schematic representation of the tilt sensor in the horizontal and single-
axis inclined position (�-rotation around the �-axis).

studied for the development of multi-axes tilt sensors. In this
paper, a thin layer of Lead Zirconate Titanate (PZT) deposited
on the top surface of the beam where the peak stress occurs, con-
verts the change in stress as a function of angular inclination to
a measurable electrical voltage [26]. At this stage, it is impor-
tant to note that the objective of this paper is not to exhaustively
discuss the fabrication and to characterize the operation of the
proposed tilt-sensor (such investigations will be reported sub-
sequently). Rather, our aim is to present the sensor concept for
piezoelectric biaxial tilt measurement, and extract genetic data
about its operation in order to introduce thoroughly the proposed
self-calibrating model of its direct piezoelectric effect.

In this context, a schematic of the proposed tilt sensor is
shown in Fig. 1. A substrate with a central cavity supports a thin
beam anchored on both ends. The beam carries a proof mass
in the center causing the beam to deform under gravitational
loading. For the single-axis operation depicted in Fig. 1 ( -ro-
tation around the axis only), this static deformation induces
three dimensional stress components along the beam. In par-
ticular, the main component, or the static stress ( ) along the
beam’s -axis, can be expressed at any cross section in terms of
the gravitational load as

(1)

where is the load in the -direction, is the cross-sec-
tional area of the beam, is the bending moment around the

-axis, is the coordinate of the beam’s horizontal surface mea-
sured from the neutral fiber along the axis and is the area
moment of inertia around the -axis.

For an inclination of the beam defined by a rotation around
the -axis, the axial load and the bending moment at a cross
section of the beam located at a distance from the left anchor
(Fig. 1), vary as a function of . These can be both expressed
trigonometrically as

(2)

where represents the gravitational weight with rep-
resenting the combined mass of the beam and the proof-mass,
and the gravitational acceleration.
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Fig. 2. Schematic representation of the tilt sensor in the single axis inclined
position (�-rotation around the �-axis).

Thus, (1) can be re-written in terms of angle as

(3)

with a peak component expressed in terms of as

(4)

where and depict the location of the beam’s cross
section where the peak stress occurs. From the principles of
strength of materials [27], corresponds to the top or
bottom surface of the beam. Thus, a layer of PZT deposited on
the top beam-surface where the peak stress occurs, generates a
peak polarization that can be expressed in terms of the
piezoelectric coefficient matrix in the form of

(5)

where was substituted for .
Other tensor elements, such as for the single axis opera-

tion, can also be expressed in a similar scheme in terms of
using the components of gravitational weight ( and

). As such, (5) infers that the polarization vector of the
PZT layer is a direct function of the inclination angle . This ar-
gument subsequently holds true for the peak electric field ,
and the resulting peak voltage across the faces of the PZT
layer, which are also expressed as a function of according to
the equations

(6)

with representing the permittivity of the piezo-layer.
Similarly, for the single-axis operation depicted in Fig. 2

( -rotation around the axis only), one can show using a
similar derivation that the peak polarization and the resulting
peak voltage are a function of as described in the equation

(7)

Fig. 3. FE stress profile of the sensor model in the horizontal position, with a
schematic showing the PZT-layer deposited on the beam’s top surface where
the peak stress occurs.

B. Piezoelectric Tiltmeter: CAD Model and Single-Axis
Simulation

A CAD model of the proposed tilt sensor was developed and
simulated on CoventorWare software. The model consists of a
silicon substrate with an etched central cavity that supports a
fixed-fixed Platinum thin beam with a thickness of 0.2 m. The
proof mass, deposited in two stages symmetrically with respect
to the beam, is also modeled with Platinum. This guarantees a
heavy static load within a small volume, since the density of
Platinum ( ) is significantly higher than other
MEMS metals such as Aluminum ( ). The
selected footprint of the proof mass is 500 m 40 m, with a
total thickness of 30.2 m (including the thickness of the beam).
The beam on the other hand has an active deflecting footprint of
900 m 20 m (anchor to anchor) with a total tip-to-tip length
of 980 m (40 m per anchor).

With this structure, the peak stress generated under static
loading occurs when the sensor is in the horizontal position
with and as shown in Fig. 3. The peak stress
value occurring near the anchors for the fixed-fixed beam
is 7.2 MPa. This represents approximately 6% of the yield
strength of Platinum. A PZT layer of 0.2 m thickness and a
footprint of 10 m 20 m – deposited on the top surface of
the beam where the peak stress occurs (Fig. 3) – converts the
mechanical stress into a measurable voltage.

For a -rotation of 0 – 90 around the -axis, the change
in the stress across the PZT layer according to (4) is shown in
Fig. 4. The maximum Mises stress was plotted instead of in-
dividual stress components such as because CoventorWare
does not generate individual parametric profiles for every stress
component. In any case, the Mises stress and individual ele-
ments of the stress tensor all exhibit similar behaviors in terms
of the inclination angle.

This change in the stress produces a proportional change in
the PZT voltage, according to (6), which is shown in Fig. 5.
The voltage range is 1896 – 0 for a -inclination range
of 0 – 90 , thus producing a sensitivity of 21 . It is
worthwhile to note that the sensitivity of the sensor is a direct
function of its geometry, and can be increased by modifying
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Fig. 4. Change in the peak Mises Stress across the beam as a function of the
inclination angle (rotation around the � axis and rotation around the �-axis).

Fig. 5. Change in the average voltage across the PZT layer as a function of the
inclination angle (Simulation data and corresponding polynomial best-fit).

its dimensions, such as increasing the length of the beam or
increasing the weight of the proof mass.

On the other hand, a -rotation of 0 – 90 around the axis
generates a different stress profile and a different corresponding
voltage profile according to (7). These are shown respectively
in Figs. 4 and 5. It should be noted that both voltage profiles
( -rotation & -rotation) start from the same maximum value
corresponding to the horizontal position of the sensor, and end at
the same null value after a 90 -rotation around the axis or the

-axis, respectively. The voltage profile in each case exhibits
a unique interpolation between these two values with unique
corresponding slope characteristics.

III. SELF-CALIBRATING MODEL

The single axis behavior depicted in Fig. 5, whether during
the axis or the axis rotation, can be accurately approximated
by a fitted polynomial of low order. However, the more general
dual axis operation of the sensor, where none of the two angles

is held at zero, exhibits more complicated characteristics which
cannot be approximated by a fitted curve. Rather, a more thor-
ough derivation of the stress tensor and the constitutive equa-
tions is needed to mathematically characterize the full-range
general behavior. Here, we propose to model the general dual
axis response, which encompasses the more specific single axis
behavior, by introducing a derivation that generates a self-cali-
brating model of the overall sensor behavior.

A. Hypothesis

The behavior of every piezoelectric system is inherently dic-
tated by its structural and piezoelectric characteristics. Thus, if
a specific genetic data about the operation of the piezo-system
of Fig. 1 is given, and if this data can be curve-fitted, then a fun-
damental derivation of the constitutive equations will generate a
system-specific mathematical model that describes the complete
behavior of the piezo-system. The resulting model will repre-
sent a trigonometric function of the genetic data only. As such,
the model will not depend explicitly on the system’s structural
and piezoelectric characteristics as this information is inherently
carried by the genomic data.

Proof: Model Derivation

The genetic data of the piezoelectric tilt sensor is the single
axis response shown in Fig. 5 for a -rotation around the
axis and a -rotation around the -axis, respectively. For con-
venience, we define:

as the PZT voltage-output for a random combination of
angles and , as the PZT voltage-output for any angle

when , and as the PZT voltage-output for any
angle when .

Thus, using a 5th order polynomial approximation to curve-fit
the genomic data of Fig. 5, we can express and in
terms of angles and , respectively, as follows

(8)

(9)

where and are expressed in , and and (Deg) are
measured with respect to the gravitational field which represents
the reference direction.

Furthermore, a three-dimensional vector decomposition of
the gravitational load is considered, whose component mag-
nitudes can be expressed (more conveniently) in the sensor’s
local frame in terms of and as

(10)

From the piezoelectric characteristics of PZT [4], it is known
that matrix contains only five non-zero elements and can be
written in the following general form

(11)
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This means that component of the stress tensor does not con-
tribute to the PZT voltage output. The remaining components
can be expressed in terms of (10) as an explicit function of
and , as follows

(12)

(13)

(14)

(15)

(16)

where:
— , and represent the area of the beam’s cross sec-

tion orthogonal to the , and axes, respectively.
— and are the area moment of inertia of the beam’s

cross section around the and axes, respectively.
— and are the first moment of area of the beam’s cross

section around the and axes, respectively.
— and are the thickness of the cross section perpendic-

ular to the corresponding shear and measured with respect
to the beam’s neutral fiber.

— , and represent the coordinates of the points of
interest on the beam where the calculation of the stress
tensor is being performed.

Equations (15) and (16) of the shear stress are expressed ac-
cording to Jourawski formula. In addition, coefficients

of stress element are added to the expression of the stress
tensor for two reasons. First, accounts for the sign contribu-
tion of the corresponding term of element , thus reflecting the
tensile or compressive nature of individual terms. Second,
aggregates all numerical constants relevant to every expression,
such as the fraction of that effectively contributes to the cor-
responding term of element .

The components of the electric field can then be derived from
the components of the stress vector and the permittivity ac-
cording to the constitutive equations

(17)

In the expanded expression of vector in (17), we lump all
coefficients and terms that are not an explicit function of angles

and into coefficients (which exhibit slight variations in
terms of angles and ). This simplifies the components of
vector to the following expressions

(18)

(19)

(20)

Voltage across the piezo-layer can then be calculated as a
line integral of the dot product of the electrostatic field and
the infinitesimal vector displacement tangent to path as

(21)

where denotes a unit vector in the direction, and
denotes the magnitude of vector . The Cartesian components
of vector and its subsequent magnitude, as well as the mag-
nitude of vector , can be written as follows

(22)

where , and denote the width, thickness and base length of
the piezo-layer respectively, and , and denote the vari-
ation of each of these dimensions under tensile or compressive
loading. represents an arbitrary unit vector in the direction of
the electric field .

The dot product of (21) can be expanded in terms of the vector
magnitudes as

(23)

with representing a geometric scalar that is
an implicit function of angles and . The squared expression
of (23) can be expanded as an explicit trigonometric function of
angles and in the form of

(24)

where coefficients

(25)

result from the expansion of the squared expressions of ,
and .

From (24), it becomes a simple task to derive trigonometric
expressions for in (8) and in (9) as a function of angles

and , respectively. By setting in (24), we get

(26)
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Similarly, by setting in (24), we get

(27)

In (24), it is obvious that the terms with coefficients , ,
, , , and can be replaced with .

In the same context, the terms with the in (24) ( ,
, and ) can be substituted by an expression extracted

from (27). After substitution, factorization and rearrangement
of identical terms, (24) simplifies to

(28)

Equation (28) can be further simplified if one notices that
and in (24) yields

(29)

Thus, by defining parameters

(30)

we can reduce (28) to the final expression of

(31)

which represents the general expression of the voltage output of
the piezo-layer as a function of the genomic data and
and inclination angles and . It is possible to further simplify
(31) by defining

and rewriting (31) in its final expression of

(32)

IV. PARAMETERS EVALUATION

The previous derivation showed that it is possible to model
the general direct piezoelectric behavior of the case-study tilt-
sensor as a trigonometric function of selected genetic data and
inclination angles and . However, it also proved that the re-
sulting expression (32) depends on two system-specific param-

eters and that need to be evaluated. These parameters en-
compass structural and piezoelectric properties of the beam and
the PZT layer. Their evaluation can be accomplished by exam-
ining the boundary conditions and inspecting the first-derivative
optimality condition of the tilt meter shown in Figs. 1 and 2.

A. Boundary Conditions

Using (32), one can inspect five different boundary conditions
that are relevant to the case-study operation range of the sensor
for angles and between 0 – 90 . These boundary conditions
are listed as follows:

1) For and , the voltage output of the sensor
should be . Setting in (32) yields

(33)

which verifies the first boundary condition.
2) For , the voltage profile of the sensor output

should be identical to . Setting in (32) yields

(34)

which verifies the second boundary condition.
3) For , the voltage profile of the sensor output

should be identical to . From (32), if we set ,
we get

(35)

which verifies the third boundary condition.
4) For , the stress induced on the piezo layer is

practically zero as reflected in Fig. 4. A zero-stress gener-
ates a negligible voltage output across the piezo layer faces.
From (32), if we set , we get

(36)

which verifies the zero-voltage output of the PZT layer at
90 .

5) For , the stress induced in the piezo layer is
also near zero as reflected in Fig. 4. Setting in
(32) yields the expression

(37)

in which is immediately substituted based on
the voltage profiles of Fig. 5. Equation (37) can be rear-
ranged to yield the first equation for coefficients and ,
as follows

(38)

B. First Derivative Test

The exploration of the boundary conditions in the previous
paragraph generated only one equation for the simultaneous
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system of equations needed to derive unique expressions for co-
efficients and . To derive the required second equation, the
first derivative of in (32) is inspected with respect to angle

. This derivative can be written as

(39)

where denotes the first derivative of with respect to
. Knowing that the voltage profile of the tilt meter peaks at

, the first optimality condition can be expressed using
(39) as

(40)

which constitutes the second equation required to derive unique
expressions for coefficients and . Using (38) and (40), these
unique expressions are calculated as

(41)

and accordingly, the equation of the voltage output in (32)
can be updated – upon substitution of and – to the final
expression of

(42)

This concludes the proof of the hypothesis established in
Section III-A, by deriving the final equation for the voltage
profile of the tilt meter in terms of the genetic data ,

and the inclination angles and , only. The validity and
performance accuracy of the self-calibrating direct piezoelec-
tric model of (42) is subsequently verified through simulation
results presented in the following section.

V. SIMULATION RESULTS AND CALIBRATION PLATFORM

A. Simulation Results

To validate the feasibility of the self-calibrating model pre-
sented in (42), the operation of the tilt meter of Fig. 3 was sim-
ulated on ConventorWare software for and at
sequential incremental values of between 0 and 90 . Both the
simulated and modeled profiles of the sensor output are plotted
simultaneously in Figs. 6 – 8. As can be seen in these figures, the
boundary conditions at and are well respected
for all values of angle , where every profile starts at the corre-
sponding value of and descends smoothly towards the zero
output voltage at .

Fig. 6. Simulated data on CoventorWare (discrete blue points) and modeled
data according to (42) (solid blue lines) for � � � � �� and different values
of angle � (� � �, 10, 15, 20, 25 ).

Fig. 7. Simulated data on CoventorWare (discrete blue points) and modeled
data according to (42) (solid blue lines) for � � � � �� and different values
of angle � (� � ��, 35, 40, 45, 50. 55 ).

Fig. 8. Simulated data on CoventorWare (discrete blue points) and modeled
data according to (42) (solid blue lines) for � � � � �� and different values
of angle � (� � ��, 65, 70, 75, 80. 85, 90 ).
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Fig. 9. A bar chart showing the maximum percent error (%) between the mod-
eled data and the simulated data as a function of angle � � � � �� .

Although all profiles meet the boundary conditions , the
error resulting from the voltage offset between the modeled data
and the simulated data varies as a function of and tends to in-
crease with increasing . This is most clearly reflected in Fig. 9
where the maximum percent error (%) between the modeled and
simulated data is plotted in a bar chart as a function of angle .
With exception to the voltage profile at , the maximum
percent error in all other cases remains under 5%. Most notably,
for and at , the maximum error is under
2%. The peak of the maximum percent errors occurs however at

, where the error reaches 5.37%. Such performance of
the model is considerably acceptable, where overall, the model
accuracy is characterized by an average maximum relative per-
cent error of 1.9%.

B. Calibration Platform

In the previous discussions, we assumed that the genetic data
about the operation of the tilt sensor was made available to the
model described by (42). In reality, this data can be generated
by calibrating the tilt sensor on a servo actuated platform with
two joints. A candidate schematic of this platform is shown in
Fig. 10. Each of the two joints of this platform corresponds to
an angular variable relevant to the model described in (42). As
such, to generate the genomic profile of , the servo motor
corresponding to angle is actuated over the desired angular
range (for instance, ) while the motor corre-
sponding to angle remains at 0 . Readings from the piezo
layer of the sensor are recorded at discrete intervals and the re-
sulting profile is curve fitted to generate a polynomial expression
for such as the one derived in (8).

In a similar scheme, a genomic profile for can be gen-
erated by actuating the servo motor corresponding to angle
over the desired angular range, while keeping the motor corre-
sponding to angle at 0 . Subsequent discrete recordings of the
PZT output are curve-fitted to generate a polynomial expression
for similar to the one in (9).

The importance of this calibration method and the further rel-
evance of the self-calibrating model of (42) is such that, if the

Fig. 10. Schematic of a candidate calibration platform with two servo-actuated
joints (for angles � and�) to calibrate the tilt sensor and generate the genomic
data ��� and ��� .

platform is made small enough to be packaged with the sensor,
this platform can be programmed to automatically recalibrate
the sensor in order to update the genetic data and maintain the
accuracy of the sensor. This capability can be most relevant for
applications where the parameters that influence the electro-me-
chanical and piezoelectric properties of the sensor are expected
to vary significantly as a function of the operating conditions (a
good example would be space applications where the tempera-
ture fluctuates significantly over the course of one day).

VI. CONCLUSION

In this paper, we report the derivation and simulation results
of a new self-calibrating model for the direct piezoelectric ef-
fect based on a proposed new design for a dual axis tilt sensor.
The contribution of the model is such that it is completely in-
dependent of the electro-mechanical and piezoelectric charac-
teristics of the sensor. The derived model relies solely on ge-
netic data provided about the operation of the sensor in two or-
thogonal planes of the sensor’s full range biaxial workspace.
The accuracy and feasibility of the model was validated through
simulation results, where the average maximum error resulting
from the offset between the modeled data and the simulated
data was for the full operation range ( ,

). Furthermore, this paper discussed a calibration
platform that enables the generation of the genomic data. This
platform possesses the ability to automatically recalibrate the
sensor under fluctuations in the operating conditions in order to
maintain the accuracy of the model.

In the future work, we would like to investigate the gener-
alizable aspect of the proposed methodology of self-calibrating
piezoelectric modeling. We also like to propose a method to fur-
ther improve the accuracy of the sensor by adding an expres-
sion to the model in (42) derived from the null space of the
boundary conditions. Our future investigations will equally ad-
dress the inverse sensing problem with the experimental sensor,
where angles and are numerically calculated from (42) for
a given voltage output of the physical sensor. This will require
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the derivation of a supplementary equation generated from an
additional piezo layer deposited on an adjacent surface in order
to guarantee the uniqueness of the inverse solution.
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